Abstract. For κ 0 and r 0 > 0 let M(n, κ, r 0 ) be the set of all connected, compact n-dimensional Riemannian manifolds (M n , g) with Ricci (M, g) −(n − 1)κg and Inj (M) r 0 . We study the relation between the kth eigenvalue λ k (M) of the Laplacian associated to (M n , g), = −div(grad), and the kth eigenvalue λ k (X ) of a combinatorial Laplacian associated to a discretization X of M. We show that there exist constants c, C > 0 (depending only on n, κ and r 0 ) such that for all M ∈ M(n, κ, r 0 ) and X a discretization of M, c
Introduction
Since the work of Buser in [6] , it is known that in order to understand the spectrum of the Laplacian associated to a compact Riemannian manifold, = −div(grad), it may be very powerful to discretize the manifold. Using this technique, Buser considered manifolds with Ricci curvature and injectivity radius bounded below and gave an uniform estimate of the spectrum, depending only on these bounds (see Theorem 6.2 in [6] ). The estimate of the kth eigenvalue turned out to be very precise for large k's (i.e. for k larger than a constant proportional to the volume of the manifold). However, for the beginning of the spectrum, the result is not strong enough to decide whether the eigenvalues may be close to zero or not.
Since, this question has been investigated by Brooks [2, 3] , Burger [4] , and Buser himself in [7] . In these papers, the manifolds were especially, closely related to Cayley graphs of groups or to Schreier graphs associated to a family of covering spaces (in another context see also the work of Kanai [13, 14] ). The point of view that will interest us here is the one taken up by Chavel in his book [8] , where the question of discretization is very well explained and where he studies in particular the case of isoperimetric inequalities ([8] , Chapter V) and Sobolev inequalities ([8] , Chapter VI). This book will be the main reference for this paper.
The purpose of this note is to compare the spectrum of a compact Riemannian manifold (M n , g) to the spectrum of the combinatorial Laplacian of an associated discretization X (defined as in [8] ). More precisely, if M(n, κ, r 0 ) denotes the set of all compact n-dimensional Riemannian manifolds with Ricci curvature and injectivity radius uniformly bounded below (i.e. with Ricci (M, g) −(n − 1)κg, κ 0 and Inj(M) r 0 > 0, see Definition 3.6), we will show in Theorem 3.7 that there exist positive constants c, C (depending only on n, κ, r 0 ) such that for all manifolds M in M(n, κ, r 0 ) and X a discretization associated to M, we have
Remark that |X | behaves as the volume of M. After defining precisely in Section 2 the notion of discretization and the Laplacian related to it, Section 3 will be concerned with the proof of this result.
In Section 4, as a corollary of our result, we present a very simple proof of Theorem 1 of Brooks in [2] , which says that the first nonzero eigenvalue of a tower of covering spaces of a compact manifold goes to zero if and only if the Cheeger constant of the discretizations associated to the covering spaces does. In fact, we prove that the kth eigenvalue of a tower of covering spaces of a compact manifold goes to zero if and only if the kth eigenvalue of the discretizations associated to the covering spaces does, which implies obviously the result of Brooks (see Theorem 4.1). Note that our proof avoids integral geometry and some not obvious considerations on the boundary of Dirichlet's fundamental domains.
In Section 5, we compare the spectrum of two compact Riemannian manifolds M ∈ M(m, κ, r 0 ) and N ∈ M(n, κ, r 0 ) which are close with respect to the Gromov-Hausdorff distance (see Theorem 5.1). In particular, as m = n we show in Corollary 5.2 that we have an uniform control c
C for all k and where c, C > 0 depend on n, κ, r 0 and on the Gromov-Hausdorff distance between M and N (for the behaviour of the spectrum under convergence of manifolds with respect to the Gromov-Hausdorff distance see Section 7 of [10]).
We conclude this note with Section 6, where we give an example to show that the assumption on the injectivity radius is essential in Theorem 5.1; the spectra of two manifolds with Ricci curvature bounded below and arbitrarily Gromov-Hausdorff close may strongly differ.
Spectrum of Roughly Isometric Graphs
Let X = (V, E) be a finite graph, where V denotes the set of vertices and E the set of edges, and consider the path metric on this graph so that it becomes a metric
